Multiple-input multiple-output (MIMO) maximum-SNR (max-SNR) system employs the maximum ratio combiner (MRC) at the receiver side and the maximum ratio transmitter (MRT) at the transmitter side. Its performances highly depend on MIMO channel characteristics, which vary according to both the number of antennas and their distribution between the transmitter and receiver sides. By using the decomposition of the ordered Wishart distribution in the uncorrelated Rayleigh case, we derived a closed-form expression of the largest eigenvalue probability density function (PDF). The final result yields to an expression form of the PDF where polynomials are multiplied by exponentials; it is worth underlining that, though this form had been previously observed for given couples of antennas, to date no formally-written closed-form was available in the literature for an arbitrary couple. Then, this new expression permits one to quickly and easily get the well known largest eigenvalue PDF and use it to determine the binary error probability (BEP) of the max-SNR. key words: Wishart matrix, PDF, largest eigenvalue, Rayleigh fading channel, MIMO, maximum SNR, MRT/MRC 
Introduction
In the case of the full channel state information (CSI) available at the transmitter, the reliability of the transmission of multiple-input multiple-output (MIMO) systems can be improved by choosing a communication strategy, sometimes referred as max-SNR or MIMO maximal ratio transmitter (MRT) and maximal ratio combiner (MRC) [1] , [2] . In this solution the signals are transmitted along the strongest direction of the channel, i.e. the direction of the eigenvector corresponding to the largest eigenvalue of * HH * where H = [h i j ] is the MIMO channel matrix, h i j is the channel gain from the jth transmit antenna to ith receive antenna and j = 1 . . . n T , i = 1 . . . n R with n T and n R the respective numbers of transmit and receive antennas. The input-output relation is then:
where w T and w R are the principal right and left singular vectors of H, respectively [3] , s is the transmit symbol with E[|s| 2 ] = 1, P 0 is the total transmit power and n is the complex circular Gaussian noise vector with the covariance matrix R n = E[nn * ] = σ 2 I n R . From (1), the channel matrix can be seen as only the largest singular value σ max = √ λ max of H: the receiver SNR, given by P 0 λ max /σ 2 , is thus maximized [4] . The equivalent input-output relation becomes:
where n = w * R n is a complex Gaussian random variable with E[|n| 2 ] = σ 2 . In many applications, the eigenvalue PDF is needed to theoretically evaluate the system performances. Ratnarajah et al. [5] expressed the marginal unordered eigenvalue PDF so as to get an expression of the capacity for a MIMO system in a Rayleigh channel. In some applications, the largest eigenvalue PDF, p λ max (u), is required to evaluate, for example, the symbol error probability (SEP) of a max-SNR system or the outage capacity [6] . The traditional way to find the PDF of the largest eigenvalue is to integrate the joint PDF from the lowest eigenvalue up to the largest one. But, reaching easily and quickly p λ max (u) by this method is tricky, in particular in the general case with (n T , n R ). So, quite often, the PDF is either bounded [7] or not expressed in a general form [8] . Kang et al. [9] used the classical Jacobi's formula about the derivative of a determinant to find p λ max (u), i.e.
, where det ( A(u)) is the cumulative density function of λ max . In [10] , we used this classical formula to extend the max-SNR MIMO performances in terms of symbol error probability (SEP) to the M-PSK and M-QAM modulations. To complete our study on the p λ max (u) function, we present here a new method based on the determinant definition of Vandermonde's matrices applied to the Wishart matrices (HH * ) and permutation simplifications to calculate the λ max PDF. This method permits one to obtain directly p λ max (u) where polynomials are multiplied by exponentials. This paper deals with the general case (n T , n R ) of the largest eigenvalue PDF worth being used in many applications [6] , [9] . Section 2 presents the method to obtain the closed-form expression of p λ max (u) with an explicit expression of the largest eigenvalue PDF. In Sect. 3, a bit error probability (BEP) for M-PSK and M-QAM is recalled for comparisons of p λ max (u) behaviors and BEP gains for different numbers of transmit and receive antennas, and the conclusion is drawn in Sect. 4.
Probability Density Function of the Largest Eigenvalue of the Wishart Matrix, W
In order to determine the PDF of the largest eigenvalue to the Wishart distribution matrix of W = HH * in a closed-form for a given and arbitrary couple (n T , n R ) let us assume that H has independent and identically distributed (iid) entries according to CN(0, 1) and denote CN(0, σ 2 ) the complex Gaussian distribution with independent real and imaginary parts distributed according to zero-mean
The PDF of the unordered eigenvalues of the matrix W is given by [11] :
where
Expressing p λ max (u) from (3) 
with
Then, by replacing (4) in (3), the PDF of the unordered eigenvalues can be rewritten as follows [12] :
Equation (6) permits one to use the explicit calculation of determinant of Vandermonde's matrix:
where ρ l is the lth permutation in the set of permutations {ρ 1 , ρ 2 , . . . , ρ m! }. Such a permutation is a rearrangement of the set {1, 2, 3, . . . , m}. Let us denote k l the vector k 1 = [0, 1, . . . , m − 1] permuted by ρ l and •, the permutation operator and thus
the ith element of k l and ε(ρ l ) the permutation sign, which depends on the number of transpositions. If the number of transpositions is even, then ε(ρ l ) = +1; on the other hand, if it is odd, then ε(ρ l ) = −1. The use of (7) in (6) leads to:
One should note that the expression of (8) is useful for the derivation of the PDF of λ max .
Determination of p λ max (u)
The expression of p λ max (u) is obtained by determining, first, the cumulative density function (CDF) of λ max , and then, its derivative. The cumulative density function of λ max is calculated by integrating the PDF of the unordered eigenvalues m times over λ i (i = 1 . . . m) [13] :
By using (8) and (9) the CDF can be expressed as follows:
whereΓ u (p) = Γ u (p)Γ(p) with Γ(p) being the complete Gamma function (Γ(p) = (p − 1)! for p a positive integer), and Γ u (p) the incomplete Gamma function is expressed as:
For a fixed permutation couple (ρ p , ρ l ), there is a unique permutation ρ r such that ρ p = ρ l • ρ r . Then (10) can be rewritten as:
In (12), the permutation sign ε(ρ r ) is obtained by:
and
is calculated by:
Since multiplication is commutative, the permutation ρ l has no effect on the result of the product in (12) , which is found to be equal to a constant, κ r , for a fixed permutation ρ r :
Then
Thanks to (16) , the calculation of P(λ max < u) derivative over u gives the PDF of λ max , and then leads to the following expression:
where the derivative over u of the product in (16) is equal to:
Finally, by using (11) and (17) p λ max (u) is equal to:
The general analytic expression (19) gives the PDF for an arbitrary (n T , n R ) couple. For example, restricting to (2, n R ) and (n T , 2) systems and using (19) with m = 2, k 1 = [0, 1], ε(ρ 1 ) = 1 and ε(ρ 2 ) = −1 lead to the same result as the one reported in [2] :
For the particular case where n s = 0, each term of (20) can be calculated to lead to:
After simplification and factorization by e −u and e −2u , p λ max (u) for the (2, 2) MIMO system can be finally expressed as:
This example can be generalized and the major interest of (19) is that it can be rearranged as: where φ n (u) is the nth polynomial multiplied by the exponential e −nu . The polynomial is defined by φ n (u) = c n,0 u 0 + c n,1 u 1 + . . . + c n,D n u D n where D n is the maximum degree. Then, (19) shows that the PDF of λ max for an arbitrary number of n T transmit and n R receive antennas can be written in a polynomial form multiplied by an exponential. Thus, application of the method proposed here allows one to get c n,i simply by calculating, at first, Eq. (19) and then by summing its coefficients, which can be done with a symbolic program. One should note that to get φ n (u), its calculation requires a two-step process so as to:
• at first, calculate all the sums and products in (19), • and secondly, simplify the e −nu -factorized polynomials.
The coefficients of φ n (u) are given in Table 1 for different (n T , n R ) MIMO systems. Equation (23) was previously described by Wennström et al. [13] . It is worth noting that the lack of explicit expression for c n,i drove Dighe et al. [14] to use a curve fitting approach.
The PDF p λ max (u) will be validated in Sect. 3.2 by simulations.
Application to the Max-SNR Error Probability

Expression of Error Probability
Though the polynomial form (23) was already used to successfully provide the max-SNR BEP [14] or the outage capacity [6] , it sounded to us worth extending, hereafter, the max-SNR BPSK case [14, Eq. (29) ] to M-QAM and M-PSK in a Rayleigh fading channel by using two modulation coefficients, α M and β M . The coefficient, α M , corresponds to the average number of neighbors separated by d min and divided by log 2 (M); d min is the minimum distance of the transmit constellation. The coefficient, β M , is linked to d min with d 2 min /4 = β M P 0 . Moreover, in Sect. 3.2, we will show from case-studies how PDF and, thus, performances are both affected by any change in the total number of antennas and in their distribution between the transmitter and the receiver sides.
The max-SNR average BEP is given by:
where The average BEP expressed with (23) and (24) is directly obtained by extension of the MRC case [16, chap.7] . The final analytical expression is: Fig. 1 p λmax (u) for constant total number of antennas 6, 8 and 10.
where ϕ n (x) is a rational polynomial given by:
k . Equation (25) for α M = 1/2 and β M = 1 is equivalent to the BPSK closed-form presented in [13] , [14] ; it is useful to compare the BEP performances in the M-QAM and M-PSK cases [10] .
Results
In order to validate the theoretical expression of p λ max (u), several PDFs were estimated with 100,000 matrices H with iid complex Gaussian entries (i.e. CN(0, 1) entries). Figure 1 shows that theoretical and simulated curves of PDF fit perfectly for (2,4) and (4,4) systems. The good adequation with (19) was confirmed by other and numerous comparisons, not plotted here for the sake of clarity.
In other respects, Fig. 1 compares the theoretical PDFs corresponding to balanced and unbalanced distribution of various set of antennas and shows, for balanced distributions of antennas, a shift on the right side corresponding to higher values of λ max , and thus to a higher receiver SNR. It also highlights that, the gap between the curves obtained with (2, 8) and (5, 5) antennas (sets of ten antennas) is larger than the one between the curves corresponding to (2, 4) and (3, 3) antennas (sets of 6 antennas). In conclusion, the distribution of antennas between transmitter and receiver must be balanced for the max-SNR solution to obtain the best performance in term of SNR. Otherwise, the max-SNR benefits of the number of uncorrelated channel gains offer by large MIMO systems.
The average BEP in (24) depends on p λ max (u). Figure 2 depicts the max-SNR BEP for the same antenna configurations as in Fig. 1 . The curves are plotted by using (25) for a 4-QAM: α M = 1/2, β M = 1/2. This figure evidences that the gap between (2,4) and (3, 3) or (2, 8) and (5, 5) of the PDF curves remains true for the BEP curves. As demonstrated above a balance distribution of antennas between the transmitter and receiver sides must be privileged for performance enhancement. Note that, with 16 antennas, the performance gain for the (8, 8) MIMO system compared to the (5,5) MIMO system is about 4 dB at 10 −5 .
Conclusion
We investigated the largest eigenvalue PDF of the Wishart matrix in the case of independent and uncorrelated Rayleigh fading channel to propose a new method to express it in an analytic closed-form by using the determinant definition of Vandermonde's matrices and its decomposition of sums and permutations. The max-SNR performances were extended to M-QAM and M-PSK modulations by using the polynomial multiplied by an exponential representation of the largest eigenvalue PDF. The BEP of the max-SNR system was improved by setting as many as possible antennas while privileging a balanced distribution between the transmitter and receiver sides.
